We introduce the general concept of higher order absolute contact differentiation that is based on the idea of semiholonomic contact elements. We clarify how the moving frame method leads to the coordinate functions of the field of r-th order contact elements on a submanifold of Klein space and of the r-th absolute contact differential of a submanifold of Cartan space. We point out that the standard geometric objects of submanifolds are defined on contact elements, so that they are of universal character. In examples, we use heavily the concept of universal horizontal and vertical bundle over contact elements.
Introduction
The present paper was initiated by a conference talk by the second author on the contact element approach to geometric objects of submanifolds of Riemannian manifolds, [24] . Generally speaking, he pointed out that these objects are of universal character. Indeed, they are defined on the bundles of contact (n, r)-elements, so that they can be applied to every n-submanifold and are independent of its parametrization. This fact was also observed by the first author for submanifolds of Klein spaces in connection with the Cartan method of moving frames, [14] , as well as for submanifolds of Cartan spaces, [13] . (We replace the term "Cartan geometry" from [22] by "Cartan space", see Section 3 for justification.)
In the course of the present research we realized that our approach to submanifolds of Cartan spaces is essentially based on the ideas of semiholonomic contact element and absolute contact differentiation. So, in the present paper we start with basic properties of nonholonomic and semiholonomic contact elements. In Section 2 we introduce the general concept of r-th order absolute contact differentiation, that leads to semiholonomic contact elements. Section 3 is devoted to two equivalent definitions of Cartan space. The interrelations between both points of view are essential for our research.
In Section 4 we recall, in the case of an arbitrary Klein space S = G/H, how the moving frame approach leads to the coordinate functions of the field of r-th order contact elements determined by a submanifold N ⊂ S. Then we present the general concept of r-th order geometric object for n-submanifolds of S that is motivated by the computational procedures related with the Cartan method of moving frames from [17] . We also clarify that the Cartan prolongation procedure leads to the equations of the infinitesimal action of H on the standard fiber of the bundle of contact (n, r)-elements on S, that can be used for evaluating the geometric objects. In Section 5 we modify these ideas to submanifolds of a Cartan space S of type S. This is based on the concept of semiholonomic (n, r)-object. In Section 6, Proposition 8 reads that if S is torsion-free, then the values of the second order absolute contact differentiation are holonomic. In particular, this is true for the submanifolds of a Riemannian manifold, that is considered as a Cartan space with respect to the Levi-Civita connection.
In Section 7 we define the universal horizontal and vertical bundles for n-submanifolds. As an example, we discuss the universal version of the fundamental vertical-valued quadratic form for submanifolds of affine spaces. In Section 8 we introduce the concept of reduced torsion and clarify that its universal version coincides with the difference tensor of second order semiholonomic contact elements. This yields another proof of Proposition 8.
At this occasion we also illustrate the use of the algorithm from Section 5. Further we point out that in the case of a 2-submanifold of a 3-space with projective connection, the reduced torsion gives rise to an invariant discovered already byÉ. Cartan in [4] . In the last section, we extend the idea of universality to a wide class of geometric objects for submanifolds.
All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notation from [16] .
Semiholonomic contact elements
The bundle of contact (n, r)-elements K r n M on a manifold M can be defined as the factor space
of the space of regular (n, r)-velocities on M with respect to the right action, determined by the jet composition, of the r-th differential group G r n in dimension n, [16] . So every n-submanifold N ⊂ M defines a contact (n, r)-element k r x N for every x ∈ N . This gives rise to a map k 
We remark that these classical contact elements are also discussed by P.J. Olver, [20] , and are called jets of submanifolds in [1] .
We extend the idea of nonholonomic and semiholonomic jets by C. Ehresmann [5, p. 361 ] to contact elements. To this aim, we recall the definition of jet prolongations of fibered manifolds, [15] . Let p : Y → M be a fibered manifold and J r Y denote the bundle of standard (holonomic) r-jets of local sections of Y . The r-th nonholonomic jet prolongationJ r Y is defined by the inductionJ
The r-th semiholonomic jet prolongationJ r Y is defined by induction as the space of first-order jets j
The first one is given by the iteration j r x s → j 1 x (u → j r−1 u s), the second one is straightforward. If p : Y = M × N → M is the first product projection, then we set
Definition 1. The spaceK r n M of nonholonomic contact (n, r)-elements on M is defined by the iterationK n M . We are going to clarify up to what extent the manifold of nonholonomic contact elements can be regarded as a quotient manifold analogously to (1) . To this aim, we recall the definition of composition of nonholonomic jets [5] , [15] . Let M , N , Q be three manifolds. For r = 1 we have the standard composition of 1-jets in J 1 (N, Q) with 1-jets in J 1 (M, N ), yielding 1-jets in
with the composition of nonholonomic (r − 1)-jets on the right hand side. We say that X ∈J
There are r underlying 1-jets of X and X is regular iff all of them correspond to injective linear maps
. This is extended into a bundle functorT r n on Mf in the standard way, [5] . A natural equivalence of functors
is defined as follows. Every X ∈T r n M is of the form X = j 1 0 ϕ, where ϕ :
To obtain the inverse map, we consider u → ψ(u)
One verifies easily that µ We recall thatG r n = regJ r 0 (R n , R n ) 0 is a group with respect to the composition of nonholonomic jets.
We write k : regT n . So we have defined k : regT
By the induction hypothesis, there is a map g : R n →G r−1 n such that ψ f (u) • g(u) = ϕ(u). We have j Proof. By Proposition 1, X ∈ τK r n R m can be expressed as
for the underlying 1-velocities of Z.
In the semiholonomic case X ∈K r n R m , we have X
In the same way as in Proposition 2, we construct an identification
whereJ r R n,m−n denotes the r-th semiholonomic prolongation of R n,m−n . In particular, for n = 1 we haveK
The absolute contact differentiation
Consider a principal bundle P (M, G) with a principal connection Γ, a left G-space F and the associated bundle E = P [F ]. For every section s of E, its absolute differential can be viewed as a section
whereũ : F → E x denotes the frame map corresponding to u ∈ P (see also the beginning of Section 4).
Having in mind submanifolds of Cartan spaces, we introduce the concept of absolute contact differential. Replace M by N and assume n = dim N < dim F . Clearly, all spaces
Assume further that each ∇ Γ s(x) is a regular 1-jet.
Since we have a section of another bundle associated to P , we can construct
This is formed by regular 1-jets and we define
One verifies easily that this is an element ofK
Definition 4. The r-th absolute contact differential of s is defined by the iteration
By the very definition of semiholonomic contact (n, r)-elements, we deduce that (6) form a section
Remark 1. If Γ is curvature free, then P can be locally viewed as the product N × G with the canonical flat connection. Then (5) implies that the values of (k∇ r Γ )s are holonomic contact elements for every section s : M → E.
Cartan spaces
We recall that a Klein space is a manifold S with a transitive left action (g, x) → gx of a Lie group G. Fix a point c ∈ S and write H for its stability group. Then S coincides with the coset space S = G/H, c = {H} and G can be viewed as a principal H-bundle over S with bundle projection g → gc.
Every g ∈ G(S, H) is interpreted as a frameg : S → S,g(a) = ga, a ∈ S.
A "curved" version of S can be defined in two formally different ways. First we present the viewpoint from the book by Sharpe, [22] . Consider a pair (G, H) of a Lie group G and a closed subgroup H ⊂ G.
Definition 5a. Cartan geometry of type (G, H) is a principal bundle Q(M, H) with 1-form ω : T Q → g (which is said to be Cartan connection) such that
(iii) ω X * (u) = X for every X ∈ h and every u ∈ Q, where X * is the fundamental vector field on Q induced by X.
We remark that, in addition to [22] , further interesting examples of Cartan spaces can be found in [2] and [23] .
In what follows we assume G acts effectively on the coset space G/H. So S = G/H is a Klein space. Clearly, T c S = g/h.
On the other hand, consider P (M, G), F , E = P [F ] as in Section 2 and fix a section s : M → E. The following definition in [10] or [11] was based directly on some ideas by Ehresmann, [5] .
Definition 5b. Space with Cartan connection of type (G, H) over M is a quadruple S = S(M ) = P (M, G), Γ, E = P [G/H], s such that dim M = dim S and the absolute differential ∇ Γ s is formed by regular 1-jets.
We deduce that both concepts are naturally equivalent. In the case b), s defines a reduction to subgroup H Q = u ∈ P,ũ(c) = s(p(u)) .
Write ω for the restriction of the connection form ω Γ : T P → g to Q. Clearly, ω : T Q → g satisfies (ii) and (iii) from Definition 5a.
Proof. The vertical tangent bundle V E is an associated bundle P [T S] and Tũ : T S → T E x is the induced frame map on V E.
Since G acts transitively on S, we have
By the definition of the connection form, we have
These vectors are linearly independent for a basis of T x M , iff ω(u) is a linear isomorphism.
Using Lemma 1 one easily verifies that Definitions 5a and 5b are equivalent. In what follows, S(M ) will be called a Cartan space and ω will be called its connection form.
Consider an n-submanifold N ⊂ M . If we restrict all objects in question over N , we obtain
Then we have the situation from Section 2. By induction we deduce that (k∇ Remark 2. In [13] , our investigation of the r-th absolute contact differential of N was based on Ehresmann's idea of higher order prolongations of connection Γ. But (5) implies directly that both approaches coincide. So we can use our results from [13] in what follows.
Submanifolds of Klein spaces
In general, consider a principal G-bundle p : P → M , a left G-space F and the associated bundle E = P [F ] = P × G F . Every u ∈ P x , x ∈ M , is interpreted as the frame mapũ : F → E x ,ũ(a) = {u, a}, a ∈ F . For every section s : M → E, the induced map
is said to be the frame form of s, [16] . If z a are some local coordinates on F , then the locally defined compositions of (7) with z a are called the coordinate functions of s.
Further, every left action l :
whose integral manifolds determine action l. If we consider some local coordinates z a on F and a basis of g, the coordinate expression of λ is of the form
Then the equations of Λ are
They are usually called the equations of the infinitesimal action λ of G on [17] is described in [14] . This general approach is based on the use of zero order frames of N . However, the evaluations in zero order frames are top-heavy because of the nontrivial topological character of the classical Grassmann manifolds. Thus, in practice one always uses the first order frames of N . So, also here we restrict ourselves to the first order frames.
Assume that H acts transitively on S 1 n , which is satisfied for all classical Klein spaces. Choose a point c n ∈ S 1 n , write H 1 for its stability group and S r n1 for the fiber of S r n → S 1 n over c n . Clearly, S r n1 is an H 1 -space. A framẽ g ∈ G N is said to be first order frame of N , ifg(c n ) = T gc N . Clearly, the space G N 1 of all first order frames of N is a principal bundle G N 1 (N, H 1 ). If we restrict ourselves to the first order frames, the frame form of k such that e λ lie in h and e α is a basis of k. This assumption is equivalent to the following relations on the structure constants of G 
We shall write π λ for the restriction of ϕ λ to H. The bundle projection G → S identifies locally K with S. So the basis e α defines local coordinates x α on S, with (x α ) = (x i , x p ). In what follows we shall write ϕ for the restriction ϕ N 1 of ϕ to G N 1 , as usual in concrete investigations. So our starting point are the equations
If we substitute them into (10), we obtain
Using the Cartan lemma, we find
where a p ij are some functions on G N 1 . In [14] , we deduced Now we apply exterior differentiation to (11) . Using the structure equations, we obtain an expression of the form (12) da
If we apply Cartan lemma to (12), we obtain
(We shall see that a If we apply exterior differentiation to the last row and use all these equations, we obtain certain relations of the form
In [14] , we deduced The additional coordinate functions a
The Cartan method of moving frames is usually used for finding differential invariants of N ⊂ S and for solving the equivalence problem for N . The fact that the above procedure yields the equations of the infinitesimal action of H 1 on S r n1 was used in [17] for local computations of the geometric objects of N . Our analysis of these algorithms led us to the following conceptual definition, [14] . Let A be an H-space.
Definition 7.
A geometric (n, r)-object on S is an H-equivariant map µ : S r n → A.
Since µ is an H-map, it induces the associated bundle morphismμ : The equations of the infinitesimal action can be used, at least locally, for constructing the equivariant maps. A general global result is due to R. Palais, [21] . We refer the reader to [14] for more details concerning the case of contact elements. We underline that the globality of the infinitesimally equivariant maps frequently follows from the geometrical interpretation of the results of evaluations.
In practice, one constructs the geometric objects of N by using the first order frames. If we interpret H as a principal H 1 -bundle H (H/H 1 , H 1 ) , then S This definition is correct, forh{hh 1 , h
is H-equivariant. So every H 1 -map ν : S r n1 → B gives rise to a geometric (n, r)-object on S.
We underline that the concept of r-th order geometric object for n-submanifolds of S is of universal character. Its specification to an n-submanifold N ⊂ S (or to a submanifold of type W ) is constructed by means of the contact elements, so that it is independent of parametrizations of N .
The differential invariants of submanifolds are the simpliest example of geometric objects. In this case, A = R with the identity action of H. Further, if we consider the action of H on R by means of homotheties, we obtain the so-called relative invariants.
Remark 3. According to the Cartan-like algorithm of this section (see [14] for the use of zero order frames), the geometric objects of a submanifold N ⊂ S are determined by the restriction ϕ N of the Maurer-Cartan form of G over N . This corresponds to the well known role of ϕ N in the equivalence problem for N , see [3] , [7] . We recall that this role is based on the fact that, for a connected manifold N , two maps f 1 , f 2 : N → G are congruent, i.e. there exists g ∈ G such that f 1 (x) = gf 2 (x) for all x ∈ N , if and only if
Submanifolds of Cartan spaces
Consider a Cartan space S(M ) such that H acts transitively on S 1 n . Let N ⊂ M be an n-submanifold. The elements of Q N are zero order frames of N , they are characterized byũ(c) ∈ s N (N ). A frame u ∈ (Q N ) x is said to be first order frame of N , ifũ(c n ) = Γ 1 N (x). Analogously to Section 4, these frames form a reduction Q N 1 of Q N to H 1 . In this situation, a frame u ∈ Q N is a first order frame of N , iff ω In [13] , we deduced Proposition 5. We have
The algorithm from Section 4 is now modified as follows, [13] . Write formally the relations, with arbitrary x p ij , (14) c
Applying exterior differentiation to (14) , using the structure equations of ϕ and ϕ p = 0, we find an expression of the form Remark 4. We underline that the absolute contact differential of any order of N is determined by the restriction ω N of the connection form ω over N . This is an important analogy of Remark 3. Clearly, Section 4 can be viewed as a special case, provided we consider S as a flat Cartan space.
Now we generalize the concept of geometric (n, r)-object to Cartan spaces. Let A be an H-space.
We also say that µ is a semiholonomic (n, r)-object. For n = 1 we havē S 
is called the value of µ on N . More generally, if W ⊂S r n is an H-invariant submanifold, then the (n, r)-objects of type W are defined analogously to Section 4. Clearly, one can restrict himself to the first order frames of N in the same way as above.
The torsion-free case
For a Cartan space S(M ), Sharpe defines its curvature Ω by (17) dω + 1 2
[ω, ω] = Ω, [22] . So Ω is the restriction of the curvature Ω Γ of Γ to Q. It is well known that Ω Γ can be interpreted as a map
Hence we may consider Ω as a map
The coordinate form of (17) is
In [9] we introduced the following concept in a slightly different, but equivalent way. Write L = g/h = T c S and ψ : g → L for the factor projection.
The absolute differentiation with respect to Γ identifies T x M with T s(x) E x . Clearly, L is an H-space and the corresponding associated bundle satisfies
Hence σ can be interpreted as a section
By (19) , the coordinate expression of σ is
This implies that σ coincides with the standard torsion in the classical case of an affine connection on the linear frame bundle of M .
Remark 5. The concept of higher order torsions of Cartan spaces is discussed from a similar point of view in [10] .
Our result from [9] can be now formulated as follows. (Another approach to this assertion will be discussed in Section 8.)
Proposition 8. If the torsion of S vanishes, then the values of Γ 2 n are holonomic contact (n, 2)-elements.
In particular, this is true in the case of a Riemannian manifold (M, g), that is considered as a Cartan space E m (M ) with respect to the Levi-Civita connection. Thus, from the viewpoint of our approach, the second-order geometric objects on submanifolds of Riemannian spaces are of the same type as in the case of submanifolds of Euclidean spaces.
Universal tensor bundles for submanifolds
We present another situation, in which the idea of universal geometric object for submanifolds plays a remarkable role. We start with the case of an arbitrary manifold M . The vertical bundle V N of N ⊂ M is the factor
will be called a tangent-vertical tensor field on N . For every ξ ∈ (K 1 n M ) x , we denote by τ (ξ) ⊂ T x M the corresponding n-dimensional subspace and by ν(ξ) = T x M/τ (ξ) the vertical space. Then
are vector bundles over K 1 n M and we have an exact sequence (see also [19] ) For a vector X ∈ T x N , we define ϕ x (X) ∈ V x N as follows. Take a curve γ(t) on N such that dγ(0) dt = X. In the case of A m , the acceleration
only. This defines a map
Definition 11. We say that ϕ is the universal fundamental form for nsubmanifolds of A m .
For every submanifold
N is the fundamental form of N . We remark that an application of the concept of universal tensor bundles to the calculus of variations on submanifolds is presented in [18] . Another interesting application of this concept can be found in [6] .
In the semiholonomic case, we construct the pullbacks
in the same way as in Definition 10.
The reduced torsion and the difference tensor
Consider a submanifold N of a Cartan space S(M ). In the tangent space
will be called the vertical space of N at x. Write σ N for the restriction of σ to Q N .
is called the reduced torsion of N at x.
As a concrete example, we consider a 2-submanifold N 2 ⊂ P 3 of a 3-space with projective connection. The projective 3-space P 3 is generated by an affine 4-space A 4 and we write {u} ∈ P 3 for the point determined by a nonzero vector u ∈ A 4 . We fix a basis u 0 , u 1 , u 2 , u 3 of A 4 and define c = {u 0 } and c 2 as the linear space in T c P 3 corresponding the 2-plane determined by {u 0 }, {u 1 }, {u 2 }. The Maurer-Cartan form of the projective group GP (3) is (ϕ 
Then (30) is of the form
Hence (33) implies 2R [12] . The case of N 2 ⊂ P 3 is treated geometrically in [8] .
Induced bundles over submanifolds
We point out that the idea of universality can be applied to a wide class of r-th order geometric objects over submanifolds. We write reg T as well. In general, consider a principal bundle P (Z, K) and a left action of G on P commuting with the right action of K on P , i.e.
(39) g(uk) = (gu)k, g ∈ G, u ∈ P, k ∈ K.
If B is a left K-space, we have an induced left action of G on P [B], (40) g{u, b} = {gu, b}.
we obtain the concept of invariant section ̺.
A simple example to Definition 14 is the classical connection on a submanifold N , i.e. a principal connection on P 1 N . This is a second order geometric object field on N , [16] . The problem of finding an invariant construction of induced classical connection on a submanifold is important for both affine and projective differential geometries.
